As a natural and canonical extension of Kumjian's Fell bundles over groupoids [17] , we give a definition for a double Fell bundle (a double category) over a double groupoid. We show that finite dimensional double category Fell line bundles tensored with their dual with S o -reality satisfy the finite real spectral triples axioms but not necessarily orientability. This means that these product bundles with noncommutative algebras can be regarded as noncommutative compact manifolds more general than real spectral triples as they are not necessarily orientable. By construction, they unify the noncommutative geometry axioms and hence provide an algebraic enveloping structure for finite spectral triples to give the Dirac operator D new algebraic and geometric structures that are otherwise missing in the transition from Fredholm operator to Dirac operator. The Dirac operator in physical applications as a result becomes less ad hoc. The new noncommutative space we present is a complex line bundle over a double groupoid. Its algebra is not directly analogous to the algebra of a spectral triple. As a result of its interpretation as a 2-morphism in the double category, the new structures include that the space of Ds forms part of the C * -algebra of the double Fell bundle inheriting a hermitian structure and as a 2-morphism in the double functor from double groupoid to double Fell bundle, has the role of 2-transport or 2-connection. This study automatically sets spectral triples in the context of higher category theory providing a possible arena for quantum gravity. *
Introduction
"Higher-dimensional algebra can carve out the 'right' concepts. If you start out with an important construction and categorify it 'well', you will end up with something else important." David Corfield [13] .
This paper provides a new point of view on the question, "What is a noncommutative space?" We propose that: "A double category Fell line bundle -with noncommutative C * -algebra of sections -tensored with its dual is a noncommutative (not necessarily orientable) manifold." And, "A real even spectral triple with the extra algebraic and geometric structures afforded to it by its association with a double Fell bundle (that is, as a unifying enveloping structure) is a noncommutative Riemannian spin manifold."
The first aim of this paper is to show that a finite dimensional double Fell line bundle tensored with its dual (with a constraint corresponding to S o -reality) is a candidate noncommutative compact manifold more general than a finite spectral triple by proving that it satisfies (and even unifies) all the axioms for a finite real spectral triple except for orientability. According to the literature (see for example [18] , [11] , [9] ), a noncommutative Riemannian spin manifold is a triple (A, H, D) such that the axioms for a real spectral triple are satisfied.
1 A noncommutative Riemannian manifold is a triple that satisfies all those axioms except for axiom 4 (orientability) 2 . In those cases where the new noncommutative space does satisfy orientability, then it is a real, even, finite spectral triple, that is, a compact noncommutative Riemannian spin manifold.
Our second aim is to show that a double category Fell line bundle tensored with its dual can be regarded as a unifying enveloping structure for the spectral triple providing new algebraic and geometrical structures that are missing in the transition from Fredholm module to spectral triple. The Fredholm operator F is simply replaced by D and in many examples this means that the differential structure has to be added into the triple in an ad hoc manner. In particular, in physics applications, D on the finite internal charge space has the interpretation of fermion mass matrix, whose mathematical origin is not understood.
Poincaré duality, reality, and the first order condition are unified in the single statement that the double Fell line bundle algebra commutes with its opposite. Selfadjointness is linked in to these axioms by virtue of the construction of a double Fell bundle. The only axiom that does not fall out automatically from the construction is orientability, but as not all compact manifolds are spin manifolds, (which are of course oriented) and as we are aiming to construct a general candidate for a compact noncommutative manifold, we do not expect this condition to be fulfilled in general. (Then the differential operator ∆ F B is not a Dirac operator but another square root of the Laplacian.)
The subject of quantum gravity is being brought into the arena of higher category theory. The spectral action principle is itself a theory of gravity [26] with the Higgs as the connection on internal space (analogising gravitational field strength), and as little has been done so far on internal space quantum gravity, it seems an obvious step to try to also bring spectral triples into the arena. We argue that the calculations and arguments of the previous section show that a finite spectral triple can be brought into the context of higher category theory in a natural way. That is to say, it turns out that it is not necessary to categorify a spectral triple or to define a new 2-spectral triple because it naturally possesses an intrinsic double category interpretation. In particular, a Fell line bundle is a rigid monoidal category (it has a dual, and all objects are copies of C), which can be seen as an algebraic counterpart to 2Cob, and it has a representation on a Hilbert space. It would therefore be interesting to investigate analogies between double Fell line bundles and extended TQFTs. In this double category context, the Higgs becomes a 2-connection, or a 2-parallel transport instead of a connection.
The condition DJ = ±JD is true for the Fredholm operator D = F and this is carried over directly into the spectral triple without a mathematical reason (or at least the author is not aware of one). There is a physical reason that DJ should equal JD, which is that particle and antiparticle masses are equal. Even if this condition is not satisifed, the double Fell line bundle is no less a candidate for a noncommutative manifold, but it means that it is just not a spectral triple. As we will see, if and only if the condition is fulfilled, then the hom-category (the category formed with the 1-cells of the double category as objects and the 2-cells as morphisms) is self-dual. Therefore this condition picks up a mathematical origin by studying spectral triples in the context of higher categories.
The standard model finite spectral triple [9] is built on several layers of mathematical structure together with results from particle physics experiments. The Dirac operator is given by the fermion mass matrix, which is not calculated of course, but added in by hand. Many might expect that the overall structure of this matrix might be predicted using only mathematics, thus removing the need for choice, and at the same time, unifying its mathematical building bricks. With this motivation in mind, we use higher category theory to develop an enveloping mathematical construction for the more general notion of finite real spectral triple to predict features of the Dirac operator D F when the algebra 3 for the standard model is nominated. The resulting structure unifies many features of the collection of axioms on the triple, thus combining these separate mathematical structures into one, and also discloses some mathematical reasons for the form of D F (see item 3 of section 5).
Given a fibre bundle, one may categorify it by choosing the fibres to be objects, and define a 2-bundle [7] , or one may nominate the sections to be objects, and categorify the sheaf of sections, which results in a gerbe. In the former case the morphisms are parallel transports from fibre to fibre. The relationship between those two higher categorical representations of a fibre bundle is not yet fully understood but they are expected to be equivalent in some sense. A Fell bundle over a groupoid may be categorified in a roughly analogous sense to a fibre bundle over a manifold; one begins by defining for objects the fibres over the unit space of the underlying groupoid, for the morphisms the Banach spaces over them, and for composition the bilinear multiplication in the fibres with the projection map promoted to functor. In another paper (see the footnote in section 3 for more details) we intend to develop this construction further and discuss general double Fell bundles and general spectral triples. Here we investigate the relationship between finite dimensional double Fell line bundles and finite spectral triples. A concept that can unify other concepts may lead to predictions because it can tell us something about the context of the original pieces of the jigsaw, how they fit together, and also what additional structures should be added to them. By studying finite spectral triples within the wider contexts 3 what we mean exactly by this algebra is explained at the end of this introduction of category theory and Fell bundles, we aim to develop further the algebraic and geometric structures on the Dirac operator thus ameliorating its ad hoc status in the standard model, and note any physical predictions that arise as a consequence.
Another reason coming from physics for studying spectral triples in higher category theory is because the partial internal charge space diagram: Figure 1 : internal space reminds us that there are two parallel transports to consider. The group of inner automorphisms of the quaternions H lifted to the spinors is SU(2) and there is a parallel transport of the corresponding gauge connection and at the same time, the Higgs field acts as an additional gauge connection taking the particle between L and R. This reminiscent of higher gauge theory, where a string of charge sweeps out an area instead of transcribing a linear path. A double category provides us with a notion of 'before and after' while we think of the Higgs beginning its path or 'jump' at L and ending it at R. We can regard this paper as a study of a categorification of internal space. We propose that to do higher category theory in noncommutative geometry, it is not necessary to "categorify" a spectral triple, or to develop the notion of "2-spectral triple" because our results show that a finite real spectral triple is already intrinsically a double category. Hence it might be argued that a spectral triple leads naturally to a categorification of internal space.
We recall some of the algebraic features of the Dirac operator D that are already present in noncommutative geometry as follows.
Firstly, recalling that D partly evolved from the Fredholm operator F in the underlying Kasparov module that embodies the algebraic topology of the triple. The Kasparov module is a completely algebraic object and one associates the partial isometry in the polar decomposition of the Dirac operator with an algebra (D = F |D|). Specifically, the homotopy classes of F are in the K-homology group of the Kasparov module, which is generated by the projections in the opposite algebra if the triple is real.
Secondly, geometry-algebra duality is already well established in commutative differential geometry. Connes developed D to be algebraic in nature; to be well-defined without requiring knowledge of the tangent bundle. The condition that D be a first order differential operator constrains it via the algebra of coordinates. As an experiment, let us add the left action of the algebra to the space of Ds in the basis given in the background:
we get a "linking algebra" with M and M * bimodules over ρ L and ρ R . This is reminds us of the algebra of sections of a Fell bundle over the simple pair groupoid with two objects: where the bimodules E g and E g * are over the algebras E gg * and E g * g .
Currently the finite spectral triple algebra with physical interpretation is taken as M 3 (C) ⊕ H ⊕ H ⊕ C with one quaternion for the quarks and one for the leptons. As M 2 (C) can be written as H ⊕ H there is no problem in the fact that H is not a groupoid algebra. However, for spectral triples there is no relation between the pure states (of the algebra) and the particle states (the Hilbert space unit vectors). Furthermore, in [20] evidence was found that at least one of the summands should be Morita equivalent to H. The algebra is a truncated series of direct summands of Morita equivalent algebras.
We begin with some background information on double categories and double functors and give the axioms for a Fell bundle over a groupoid and the axioms for a spectral triple (note that the axiom for smoothness of coordinates does not apply to a finite triple). We also explain something of the construction of the standard model finite triple in order to set the context for the physical results of this paper. Section 3 is a statement of the definition of a double Fell bundle over a groupoid together with a working through of a construction of an example of a finite dimensional (saturated) double Fell line bundle over a principal double groupoid. In section 4 we compare the two structures:-finite real spectral triple and finite dimensional double Fell line bundle by working through each of the finite spectral triple axioms. We conclude that the product of the double Fell line bundle with its dual is a candidate noncommutative manifold and a unifying enveloping structure for the finite real spectral triple. Section 5 explains how new geometrical and algebraic structures can be attributed to the spectral triple as a result of this association and how they can result in reducing the ad hoc status of D F .
Preliminaries Double categories
Double categories are a sort of generalisation of 2-categories in that they are 2-dimensional categories that allow a change of boundary conditions providing a sense of "before and after". For this reason there are many more applications to physics, where a process of change can occur.
A double category DC is an internal category in the category of small categories Cat 4 (Ehresman 1963). Instead of there being only arrows and objects, there are also arrows between arrows: so there is an object of objects and an object of arrows, each having arrows between them to form a category (see [8] ). These two types of morphism are called 1 and 2-level [21] . A double category consists of a collection of objects (or 0-cells), a collection of horizontal arrows (or horizontal 1-cells), a collection of vertical arrows (or vertical 1-cells) and a collection of 2-level arrows (or 2-cells). Objects and horizontal arrows form the horizontal category, while objects and vertical arrows form the vertical category. Each of those two categories has its identity and composition law independent of one another (that is, they satisfy the exchange or interchange law). The sources and targets of each arrow have to satisfy compatibility rules, which can be illustrated by a square or "cell": Figure 2 : double category cell with the notation from [21] (For the purposes of this article with its diagrams, we swap the usual conventions corresponding to horizontal and vertical categories).
The 2-cell label is written in the centre of the square (and this may also represent the cell itself), α : M → N, which is not necessarily a function, for example, it might be a right module over M and a left module over N. Cells can be composed horizontally or vertically as decreed by the horizontal ( .h ) and vertical ( .v ) multiplication laws and the exchange law or interchange law:
where α 1 , α 2 , α 3 , and α 4 are cells.
Clearly, an internal category is subject to the axioms of a category; the associativity and unit laws hold strictly although there exist several notions of weakening of double categories. If each category possesses all the defining properties of category "X", then the double category is an internal category in the category of all X. The compositions are defined on pairs of morphisms of the double category and one assumes that the ambient category has finite limits, so that the pullbacks exist.
Given two double categories, a double functor is a 4-tuple of functions mapping objects to objects, horizontal (vertical) categories to horizontal (vertical) categories, and cells to cells.
This definition is from the book [19] by Mac Lane. An internal (or double) functor f : E → G between two internal categories E and G in the same ambient category C (for example, Cat) is defined to be a pair of maps f 0 : E 0 → G 0 and f 1 : E 1 → G 1 of C which as the "object" and "arrow" functions make the evident diagrams commute: 
Fell bundles
First we introduce the notion of a Fell bundle E with some straightforward examples [14] and then recall the definition of a Fell bundle over a groupoid G. A Fell bundle over a trivial groupoid (a compact space) is the same thing as a C * -algebra bundle, and a Fell bundle over a groupoid with one object (a group) is the same thing as a C * -algebraic bundle. Consider the pair groupoid G on two objects. The fibre over each object is a C * -algebra: E gg * and E g * g , and the fibre over each of the remaining two arrows g and g * is a Banach space, E g and E g * . These two Banach spaces are modules over the said two C * -algebras. If the Fell bundle is saturated (E g 1 .E g 2 total in E g 1 g 2 for all (g 1 , g 2 ) ∈ G 2 ), they are Morita equivalence bimodules, and the linking algebra is:
which is the algebra of sections of this Fell bundle.
Since the fibres (the E g s) are Banach spaces not necessarily C * -algebras, they don't necessarily have an involution. So for e ∈ E g the positivity of e * e, which is to be in a C * -algebra (E g * g ), has to be imposed.
Spectral triples
A spectral triple (A, H, D) provides the analogue of a Riemannian spin manifold to noncommutative geometry. It consists of 1. an involutive, not necessarily commutative algebra A, 2. A Hilbert space H on which the algebra is represented and 3. A Dirac operator D that gives a notion of distance, and from which is built a differential algebra. The geometry of any closed Riemannian spin manifold can be fully described by a spectral triple and a non-commutative geometry is essentially the same structure but with the generalisation that the algebra of coordinates are allowed to be non-commuting. In the case of the standard model 0 dimensional internal space spectral triple, the Hilbert space represents the fermions, the Dirac operator is the fermion mass matrix and the algebra is derived from the symmetries of the action such that the latter be the internal automorphisms (lifted to the spinors) of the algebra.
Standard model spectral triple
The standard model spectral triple of [9] is a product of two spectral triples, one representing (Euclidean) space-time and the other representing the internal space of particle charges. The latter has a finite dimensional Hilbert space and a noncommutative algebra. The tensor product algebra is 'almost commutative':
More recently, [12] the finite space algebra is taken to be
Action of the algebra
The (faithful) left action of the standard model algebra
R (see [9] for full details):
The algebra is a star algebra that is, if a ∈ A then a * ∈ A. The involution * is given by hermitian conjugation, the bar denotes complex conjugation, and H are the quaternions.
If the right-handed neutrino is appended to the Hilbert space, then the algebra action on it is as that of the right-handed down quark. The action on the antiparticles commutes with the mass matrix so that the Higgs has no colour charge. The representation on the higher generations is identical to that on the first, for example, it is precisely the same quaternion that acts on the doublet (charm
There is also a right action of the algebra on the Hilbert space since the latter is an A-A o -bimodule.
Hilbert space
The internal Hilbert space is:
where
and whose basis is labelled by the elementary fermions and their antiparticles. The symbol c is used to indicate the section represented by the antiparticles. In either case of H L and H R , the first direct summand is the quarks and the second, the leptons. N stands for the number of generations. For example, the left-handed up and down quarks form an isospin doublet and their right-handed counterparts are singlets and there are three colours for quarks and none for leptons. The charges on the particles are identified by the faithful representation of the algebra on the Hilbert space.
Since the fermions can be left or right-handed, H is Z/2 graded and the grading operator is given by the chirality operator χ = diag ( 
Dirac operator choice specific to standard model
The choice made for D F in [9] in order that the Spectral action principle reproduces the standard model is:
where M = M Q ⊕ M L , and where
(an extra row and column is added here so that the matrices are square, this is not normally done).
with 
Axioms
This is a summary of the 7 axioms from [11] . Axioms 1, 3 and 5 are identical with those of commutative geometry.
where n is the dimension of the space.
[[D, a], b
0 ] = 0 ∀a, b ∈ A. By axiom 7 we also have:
3. (Smoothness) This is the algebraic formulation of smoothness of coordinates.
(Orientability)
There is a Hochschild cycle c, which for n even, its represen-
(This defines the construction of the analogue of the differential form that does not require a previous knowledge of the tangent bundle.) If n is odd, require π(c) = 1. If n is even, π(c) = χ satisfies: χ = χ * , χ 2 = 1, χD = −Dχ
(Finiteness and absolute continuity)
The Hilbert space is a finite, projective A-module possessing a hermitian structure.
6. There is the Poincaré duality isomorphism K * (A) → K * (A) where the intersection form is nondegenerate.
(Reality) There is an antilinear isometry
The operator J must satisfy a set of conditions that for arbitrary dimensions are not studied in this paper. Below we give these conditions for KO-dimension 0 and 6.
Reality operator J and axiom 7
Definition: Reality structure. The reality or real structure is an antilinear isometry J : H → H such that a set of properties are held depending on the dimension n. ( [10] ) Here is given only those properties of J for the spectral triple with KOdimension 0 (Euclidean):
For finite spectral triples with KO-dimension 6 (which corresponds to the formulation in the Lorentzian signature, [5] , [12] ) J anticommutes with χ instead.
Instead of splitting C into two copies of R as its name suggests, J forms two subspaces out of the Hilbert space (not necessarily orthogonal), which are interpreted as fermions and antifermions, in which case J is given by the composition of the charge conjugation operator with complex conjugation. The main purpose of the J operator in entering the axioms is to provide Connes' notion of a 'noncommutative manifold'. That is, by turning the Hilbert space into a bimodule, the reality structure allows the realisation of Poincaré duality for the spectral triple; a ∈ A and the opposite algebra,
where a acts on the left of H and b o ψ = ψb, ∀ψ ∈ H, b ∈ A. The opposite algebra provides the 'dual' to the algebra. The pairing of the K-theories of these two algebras provides a noncommutative geometric version of Poincaré duality and hence gives some meaning to the designation, 'noncommutative manifold'. The real structure also allows the notion of first order differential operator in noncommutative geometry to be defined as we will see later.
The action of J on H as given by the composition of charge conjugation and complex conjugation:
where the bar indicates complex conjugation.
Dirac operator from the axioms; removing a layer of human choice
The axioms for a spectral triple with finite dimensional algebra in the Euclidean or the Lorentzian signature:
] plus the constraint of S o -reality and before adding ν R lead to:
In the Euclidean signature (KO-dimension 0), χ has to commute with J, and in the Lorentzian signature (KO-dimension 6), χ has to anticommute with J. χ = diag(1, −1, 1, −1) in the Euclidean and χ = diag(1, −1, −1, 1) in the Lorentzian signature.
Some mathematics underlying finite spectral triples
The spectral triple is built upon several mathematical structures such as:
• Kasparov module, (with Poincaré duality),
• Gelfand Naimark theorem and a minimal extension of it,
• Differential algebra but these ingredients are not enough to build up the full description of the physics. Many of the features of the Hilbert space already arise from mathematics. The grading operator χ comes from the underlying graded Kasparov module, where the J operator comes from the Takesaki-Tomita involution. The latter together with the Poincaré duality axiom explain why the algebra turns the Hilbert space into a bimodule and why the first order condition is true. That is, there is an algebra and its opposite algebra, a ∈ A, and b o ∈ A o , with A = A ⊗ A o .
Some physics for the standard model finite triple
The input from physics includes:
• The matrix 7 was originally put in by hand due to the expectation of what form the fermion Dirac mass matrix should take.
• All of the remaining features given above in 2.1 are all written down directly from particle physics experiments.
• The algebra and its (faithful) action is inferred directly from the symmetry group of the Lagrangian.
• The Hilbert space, as a finite projective module is given by H = eA N where N is the number of fermion families.
The most ad hoc ingredient is the second item above; that the Dirac mass matrix M should be a special matrix instead of a general matrix in M n (C) there is no mathematical reason.
Double Fell bundles
We begin by stating a definition of a double Fell bundle over a double groupoid as a natural and canonical extension of Kumjian's Fell bundles over groupoids [17] and as a double category. We construct an example that will be pertinent to this paper, that of a finite dimensional (saturated) double Fell line bundle over a principal double groupoid.
5
The morphisms of G and E respectively are denoted g and E g . 5 The results of this study could be of interest to two types of mathematician, one interested in category theory and the other interested in noncommutative geometry and its physical applications. This paper is for the latter, it is self-contained but we intend (with P. Resende) in a second paper to develop further the construction of general double Fell bundles (with a view to associating them with general spectral triples) showing that the convolution algebra of a double groupoid is the algebra of sections of a double Fell line bundle, explaining how the projection map gives rise to a double functor, giving more examples and discussing more applications.
Definition of double Fell bundle over a double groupoid
A double Fell bundle is a fibre-wise categorified Banach bundle p : E → G with a continuous multiplication E 2 → E, where
and an involution e → e * , which satisfy the same 10 axioms (E g is the fibre p −1 (g)) as those for a Fell bundle over a groupoid (given above in the preliminaries) and with the fibres as 2-morphisms, it is an internal category in Cat in the following sense.
The 10 axioms make the algebra of sections into a C * -algebra. (In the case of a double Fell line bundle, its algebra of sections is given by the convolution algebra of the double groupoid.) Being fibre-wise categorified means that the fibres E g of the double Fell bundle E are viewed as the 2-morphisms of a double category, the 0-cells are the fibres (which are C * -algebras) over the units (that is, the objects in the double groupoid), 1-cells are the Banach spaces over the double groupoid's 1-cells, and 2-cells are the Banach spaces over the double groupoid's 2-cells. In the case of saturated Fell bundles, the 1-cell Banach spaces are Morita equivalence bimodules over the 0-cell C * -algebras and the 2-cells are bimodules over the 1-cells. If the saturated double Fell bundle is finite dimensional, then the algebra of sections is a semi-simple algebra and the morphisms will always be n-by-m matrices with complex entries.
Both of the compositions of this double category are induced by the above multiplication, it is bilinear multiplication (e.g. tensor product as in the saturated case) of fibres but associative, which can also be viewed as composition of bimodule homomorphisms, since all bimodules come from homomorphisms up to isomorphism ( [1] ).
The projection map p is a double functor; this map preserves identities, pull-backs and composition of morphisms (As described by figure 3). A double functor maps between two internal categories in the same ambient category; as there is one Fell bundle fibre over each element of the groupoid, the categorified saturated Fell bundle is in bijective correspondence with a small category and hence it is itself a small category. Therefore the projection p maps between two internal categories in Cat. It is enough to refer to figure 3 to see that it makes sense that p gives rise to a double functor but in another paper we intend to explain this. For a discussion of the mathematical and physical meanings of this double functor, the reader is referred to item 5 of section 5.
Here is a diagram of one cell of a double principal groupoid G. Consider a fibre E g over each element g ∈ G.
The figure below is a cell of E where M, A and B comprise the local section of the bundle over the four elements of the double groupoid with objects denoted 1 and 2 The 2-morphism α is a bimodule over the linking algebra formed by A, B and the bimodules over them and the linking algebra formed by the A ′ , B ′ and their bimodules. It is also a A-B ′ -bimodule and a A ′ -B-bimodule. This construction similar to that of Alg k in [21] and Mod in [27] . Horizontal and vertical composition of these cells commute and both multiplications are associative and unital. That is to say, the double Fell bundle satisfies the axioms of a double category. This completes the definition. In the remainder of this section we explain two methods for constructing a simple example of a double Fell bundle.
Construction and examples
In this part we construct some examples explaining their details in order to clarify the meaning of the of the above definition and to set the context of the rest of the paper in which we study finite dimensional saturated double Fell line bundles, in particular with regard to its algebra of sections.
A double Fell bundle can be constructed in either of two equivalent ways. First, by starting with a given double groupoid and placing the fibres of a Fell bundle over each morphism in a compatible way with the projection double functor p and then designating 0, 1 and 2-cells appropriately. As bimodules, the 0 and 1-cells can be placed in a matrix to form the linking algebra. This is iterated once to include the
(name the objects and morphisms as above) and then iterate the categorification process once, while promoting the projection to a double functor. This iteration process (inspired by Baez [3] ) was demonstrated in the previous paper and we briefly recapitulate it as follows.
Note that the usual conventions for horizontal and vertical composition are exchanged for the purposes of this paper.
To
where M n 1 (C) is the fibre over one of the two groupoid units, while M n 2 (C) is the fibre over the other unit. E n 1 ×n 2 and E n 2 ×n 1 are
bimodules respectively, and the Fell bundle algebra is given by the linking algebra.
Note that E is saturated. Let n 1 = n 2 = 2 Now let G 1 denote the groupoid (another Pair(2) that M n 1 (C) is the algebra of a Fell line bundle over, so that M n 1 (C) itself becomes the linking algebra:
with G 1 the left-hand edge of a single double groupoid square. Similarly for M n 2 (C) being the Fell bundle over G 2 being the right-hand edge in the vertical category in the double groupoid with only one cell. (For n 1 = 2 the matrix 9 is n 1 -by-n 1 .) Now E n 1 ×n 2 can be considered in block form such that its block entries are bimodules over the fibres E g i of the two Fell bundles. There are 4 such 2-level fibres for each of E n 1 ×n 2 and E n 2 ×n 1 , one over each of the 2-level arrows belonging to the double groupoid. In the case of a double Fell line bundle, each of its fibres is a copy of C and its algebra of sections is given by the double groupoid convolution algebra. (In the case of this very simple double groupoid, this algebra is M 4 (C).)
Clearly, the basis of the Hilbert space these matrices act on is given by the set of objects in the underlying double groupoid, moreover this is indexed by the pure states of the C * -algebras over each groupoid unit in G. If we choose A = M n 1 (C) ⊕M n 2 (C), by the Serre-Swan theorem, we have that the algebra is represented on the following Hilbert space:-the finite projective module eA N with hermitian structure where N = 1 if the groupoids are principal.
For the algebra over the units of G we considered a finite dimensional algebra (M n 1 (C) ⊕ M n 2 (C)) but this of course can be replaced by any C * -algebra of matrices with dimensionality of at least 2. Note that whether as a Fell bundle over Pair (2) (4) and so with knowledge of a given algebra of sections, this is not enough to reconstruct the double Fell bundle.
For the same example of Fell bundle over groupoid consider a choice of a section in the set of sections over the open set U of G, and multiply that by a second such section. E g i denotes an entire fibre, but in the matrix equation view it as a choice of element in that fibre, for example for a line bundle we can write C for a fibre E g as a matrix entry where we mean one complex number; one element of the complex line.
where E g E g * = E g ⊗ E g * ∈ E gg * . In other words we can pick out the fibre-wise vertical multiplication within the section-wise multiplication presentation. In the multiplication of the sections, we can view internally the behaviour of the matrix entries and hence the vertical and horizontal multiplication in the double Fell bundle. That is, you can view the whole double category from the viewpoint of its sections. This point of view will help later on as the spectral triple axioms are given in terms of matrices whose elements will be compared with the sections of a double Fell bundle. Now consider the square in figure 6 in the previous subsection with the following notation:
The algebra of sections of the double Fell bundle can be written as follows. It will be helpful to think of it as 4 blocks. If this is a double Fell line bundle, then each fibre is a copy of C, so if the double groupoid is principal, for a given section, each of the four entries in each of the four blocks is a complex number. We are being slightly free with our notation as when a bimodule for example M appears in the matrix as an entry, of course what we really mean is an element of M.
algebra corresponds to its role as a bimodule. Consider multiplying together two such sections. Again, the vertical composition as defined for the double category can be seen:-M (resp. M * ) composed with M * (resp. M) is B (resp. A) as M and M * are A-B and B-A imprimitivity bimodules respectively, and vertical multiplication is their tensor product. As A-B ′ and B ′ -A imprimitivity bimodules respectively, the tensor product of M α N with M * α * N * is A. That is vertical multiplication of 2-level morphisms. Note that the 2-arrow from 4 to 1 is the hermitian conjugate of the 2-arrow from 1 to 4 (that is, M * α * N * = ( M α N ) * ) where 1 and 4 refer to the labellings on figure 5.
In the above we only considered one square. For more generality consider the algebra of sections of a Fell bundle with two squares joined either vertically or horizontally. To consider multiplication of sections on two cells connected vertically we would need to replace M n 1 (C) by a larger matrix to incorporate all the fibres over both left-hand vertical edges. And similarly for the other blocks. Joined horizontally, we would need to add a row and column of blocks so that for example, the bottom-right block would be:
and the new top-right block be:
The horizontal multiplication in the double Fell bundle as a double category (see definition in previous part) can be visualised by the placing of 2-morphisms (by this we mean all the elements of the section) in the matrix due to their role as imprimitivity bimodules and their algebras. For example, the horizontal composition α 2 • α 1 is a bimodule over A and B ′′ and over M and P and so on.
If the double groupoid is non-principal then there can be more than one pair of arrows between two groupoid units. In that case there is more than one bimodule between each pair of double Fell bundle objects and the dimensionality of each block in the linking algebra increases consequentially. For example, if there are three pairs of arrows between each unit, then A and B and so on, that is, each object of E is tensored by the 3-by-3 unit matrix I 3 , while the dimensionality of each of M, N and P , their hermitian conjugates and each 2-level morphism is multiplied by 3.
Let us consider another example, which will be pertinent to the rest of this paper. The sum M 4 (C) ⊕ M 3 (C) ⊕ M 2 (C) ⊕ C where each summand is an object of a (manifestly saturated) Fell bundle over a principal groupoid, and each object of a double Fell bundle E is a copy of the complex line. We can construct the linking algebra to find the algebra of E, which is a simple finite dimensional C * -algebra. This is a (finite dimensional of course), double Fell line bundle. The underlying double groupoid has only 3 complete squares (or "cells") whereas in the other two cells, there are 2-morphisms that are 0.
Double Fell line bundles and finite spectral triples
We work with the following two algebraic concepts: Fell bundles over groupoids, and higher category theory. We investigate to what extent these can be used to unify axioms and concepts in finite spectral triples. Fell bundles are expected to help develop some sort of counterpart to the Gelfand-Naimark theorem for noncommutative spaces as they provide new conceptual relationships between C * -algebras and groupoids. We involve higher category theory because this subject can unify mathematical concepts in an algebraic context. Our objectives are to find out to what extent it is that finite double Fell line bundles are equivalent to finite spectral triples and to investigate which algebraic and geometric structures this suggests that should be added to the Dirac operator.
Our first objective is to find out to what extent finite double Fell line bundles can unify the axioms of finite real spectral triples 6 . We show that these minus 'orientability' (axiom 4) come for free from the construction explained above of a finite dimensional double Fell line bundle. This means that our candidate noncommutative manifold is a noncommutative Riemannian manifold, and if oriented, a noncommutative Riemannian spin manifold (that is, a real spectral triple).
Labelling
Consider the double Fell line bundles E whose 0 and 1-cells generate linking algebras A that are finite dimensional algebras over C. All such algebras are finite sums: i M n i (C). For example, the sum:
Note that each summand is mutually Morita equivalent. The E n 1 ×n 2 are imprimitivity bimodules over these algebras and the linking algebra induced forms the algebra of sections of these double Fell bundles, which are saturated, finite dimensional line bundles over the principal double groupoids (whose convolution algebra is the algebra of the double Fell bundle). Each M n i (C) is the algebra of a Fell line bundle over a principal groupoid with n i elements in its unit space.
The bases of the Hilbert spaces that the representations of these double Fell line bundles act on is indexed by the unit space of the underlying double groupoid. Moreover this index set is in bijective correspondence with the pure states of the C * -algebras M n i (C). For algebra A, by the Serre-Swan theorem, we have that it is represented on the following Hilbert space H:-the finite projective module H = eA
The smoothness axiom is not relevant for finite spectral triples plus hermitian structure (we may assume this hermitian structure because in the construction of a Fell bundle (see [17] ), the Hilbert space is created from the algebra, namely by completing it in the inner product norm), where N = 1 if the groupoids are principal. The full double Fell bundle algebra C * (E) acts on the same Hilbert space. For a spectral triple, the pure states do not need to have anything to do with the unit vectors of the Hilbert space. (See item 3, section 5 for more details.)
Consider for example A = M n 1 (C) ⊕M n 2 (C) with A 1 a representation of M n 1 (C) and A 2 a representation of M n 2 (C). Denote the imprimitivity M n 1 (C)-M n 2 (C)-bimodule α and use the notation "∆ F B " as follows:
that is, we will use the label ∆ F B to denote the 2-cells together with the 1-cells in the horizontal category. We are changing the notation so that α becomes what was:
We may construct the dual double category E o for a double Fell bundles and form the tensor product E ⊗ E o . Further below in subsection 4.2 we show how this is done using the Tomita-Takesaki involution. This leads to a notion of Poincaré duality for a double Fell bundle in the sense of Connes. The Tomita-Takesaki involution involves the antilinear operator J whose effect on the Hilbert space is to split it into two parts. (In physical applications it defines the the particle and antiparticle sections and its role in the real spectral triple Hilbert space is set out in the preliminaries. See [10] ). From now on we take the Hilbert space to be H = H 1 ⊕ H 2 with the action of J the same as given in the prelimaries.
We may now state that these double Fell line bundles are triples (A, H, ∆ F B ) or real triples (A, H, ∆ F B , J). If the triples satisfy the axioms for a real spectral triple then these double categories can be said to be examples of spectral triples, with ∆ F B = D. Such a triple that satisfies all the axioms except for axiom 4 is a candidate for a more general noncommutative manifold 7 .
Orientability, S
o -reality and self-adjointness , and H 2 with eigenvalue -1, (and it enforces the condition that Majorana terms be absent from the action).
7 using the word compact here in finite dimensions would be a vacuous According to [28] the only spectral triples satisfying orientability (axiom 4) with KO-dimension 6 are those that are S o -real although there do exist orientable KOdimension 0 triples. Nowadays it is expected that Majorana neutrinos can exist in physics. We will not always impose this unaxiomatic condition.
In the double Fell bundle context, if we can find a 0-dimensional Hochschild cycle χ, with χ = χ * , χ 2 = 1 with its role as a Z/2 grading on the Hilbert space, that ∆ F B anticommutes with, then axiom 4 is satisfied and the triple is called even and orientable. The orientability of the manifold implies that H 1 and H 2 are each split into two parts by the Z/2 chirality grading χ in the same way as explained for the spectral triple in the preliminaries. ∆ F B in the basis with two chiralities for each of H 1 and H 2 :-
The top-right and bottom-left blocks of zeroes appear on the imposition of S o -reality:-this is a standard result and can easily be seen from the definition of S o -reality. ∆ F B is manifestly self-adjoint, and it anticommutes with χ = diag(1, −1, 1, −1) as in KO-dimension 0, and it also anticommutes with χ = diag(1, −1, −1, 1) as in KOdimension 6. Since χ depends on A and its representation, (axiom 4) there may be examples of double Fell bundles within the current scope that do not satisfy this axiom.
Notice that if the number of summands is increased, so that the action on each chirality of A on H 1 or H 2 has more than one summand, elements of ∆ F B will appear non-zero in the diagonal (arising when forming the linking algebra by placing bimodule 2-cells over the 1-cells) and then the condition on the spectral triple Dirac operator Dχ = −χD is violated. Secondly if S o -reality is not imposed then non-zero entries in the top-right and bottom-left block will also violate the same condition, which means that ∆ F B = D.
In conclusion, ∆ F B is self-adjoint. This is clear in the case of equation 17 and is also clear from the general construction of finite dimensional double Fell line bundles explained earlier. The orientability condition can only be satisfied if S o -reality is imposed and if there is no more than one summand of ρ(A) with action on each chirality for each of H 1 and H 2 . In general then, ∆ F B is not necessarily a Dirac operator.
According to Connes, a noncommutative Riemannian spin manifold is a real spectral triple (See preliminaries and references cited there). For a manifold to have a spinor bundle over it, it must of course be oriented and this is the reason for the orientability axiom. A more general compact noncommutative manifold might not be orientable, and so there is no reason for us to assume that our candidate for a noncommutative space should necessarily be orientable, that is, that it should obey axiom 4. Therefore ∆ F B is hypothesised to be an alternative square root of the Laplacian, and only to be called a Dirac operator D if this axiom is satisfied. It would be interesting to study the spectrum of the Laplacian (D M + γ 5 ∆ F B ) 2 (where D M is the Dirac operator on space-time in an almost commutative geometry of gravity coupled with matter, see [9] or [11] for example) to learn about the geometry of these not necessarily orientable compact manifolds, although these manifolds have no obvious physical interpretations because the fermions do have handedness.
Duality and Reality
Given the labellings (A, H, ∆ F B ) on the double Fell line bundle as developed earlier, we study spectral triple axioms 6 and 7 asking, "do all finite dimensional saturated double Fell line bundles satisfy them" And, "What can we learn about noncommutative spaces as a consequence?"
To approach this problem, we first need to understand what it means for a double Fell bundle to have Poincaré duality. Connes explains that in noncommutative geometry it means that the algebra has an opposite algebra taking on the role of the Poincaré dual. 8 Hitherto, there is no well-understood canonical definition of the dual of an n-category, but below we suggest a natural definition of the dual double category of a double Fell bundle. To construct a dual category, one keeps the same objects and inverts the directions of the morphisms. If a category is equivalent to its dual category then it is called self-dual. An example of a self-dual category is that of finite abelian groups. Clearly the dual of the dual category is the original category, so to invert the morphisms, an involution is needed. In this context of algebraic categories with bimodules it is natural to use the Tomita-Takesaki involution basing the dual category on the opposite algebra since a left A-module can be regarded as a right A o -module [18] . In Tomita-Takesaki theory we have
. Now J is an antilinear isometry (J 2 = 1 for KO-dimensions 0 and 6) satisfying J −1 = J * and its action on the Hilbert space is defined in the same way as its action on the Hilbert space in the spectral triple (see preliminaries). It makes the Hilbert space into a A-A o -bimodule (and a left A ⊗ A o -module). (The introduction of J into the spectral triple definition [10] made the spectral triple into a 'manifold' in the sense that it was given a notion of Poincaré duality.)
Diagram of a cell in the dual to the double Fell bundle of figure 6:
Notice that instead of the double category sharing its objects with its dual, the objects of the dual are the transpose of the objects of the original double category. o replaced by elements of the double Fell bundle and its opposite respectively, becomes the much richer statement,
.
To answer the question we began this subsection with, let us investigate whether axioms 6 and 7 are indeed satisfied by our candidate noncommutative space. It is clear from the above that a double Fell bundle with dual by definition involves Connes' notion of Poincaré duality. Therefore we propose that a double Fell bundle together with its dual (E ⊗ E o ) is a noncommutative manifold.
Recall that E is a triple (A, H, ∆ F B ) and note that E o is a triple (
. As K-cycles they also have a K-cycle product. So they have more than one product but here we are considering only their product as opposite double categories. Their C * -algebras are C * (E) = (A + ∆ F B ) and
Define the product:
With the algebra of the product bundle:-
Clearly the product bundle E ⊗ E o is self-dual. Below we demonstrate that selfduality is equivalent to the two statements DJ = JD and D * = D in the spectral triple context and then we show that
automatically implies axioms 2, 6 and 7 (first order, Poincaré duality and reality), which means that E ⊗ E o is a natural candidate for a compact noncommutative manifold and if ∆ F B ⊗ ∆ o F B also satisfies the orientability condition then E ⊗ E o is a real spectral triple (that is, a spin manifold rather than a general manifold).
We have that [J, χ] = 0 for KO-dimension 0 and [J, χ] + = 0 for KO-dimension 6 with χ as given previously. This is a standard result. What remains of the reality axiom is that DJ = ±JD. Below we give the proof that with D = D * , the statement [D, J] = 0 is equivalent to the statement that the hom-categories in the double category are self-dual. That is, the category where the objects are the 1-cells and the morphisms are the 2-cells is equivalent to its dual category. In this context, what we will mean by 'equivalent' is 'equal to'.
For the calculations below we set out the scope and the notation as follows. As an example of the truncated sum A let us choose 3 summands and a faithful representation on the Hilbert space (H :
Let the left action of this algebra on the Hilbert space be given by:
in previous notation, A 1 could be written as:-
and A 2 as:-
and where the linking algebra
is the algebra of a complex line bundle over a principal groupoid square (which is the convolution algebra).
Note that the two squares are disjoint. The bimodules between them are 0 due to the "S o -reality" constraint. This is introduced here mainly for simplicity in demonstration of the calculations and also to reflect an important class of spectral triples: the S o -real spectral triples (see previous).
Using the Tomita-Takesaki involution 9 [10] and with D = D * the action of the opposite algebra is:
We have defined a faithful action of the algebra (∆ F B + A) of the double Fell bundle and its dual on the Hilbert space.
Now we prove the following statement. Given that D = D * , the commutation [D, J] = 0 is equivalent to the statement that the hom-category is a self-dual category, that is, the category where D denotes the 1-cells and A denotes the 0-cells, in symbols, we want to show that
and in the other direction,
That the algebra of the double Fell bundle commutes with its opposite algebra with the notation set out above is:
9 (take the hermitian conjugate, swap the two blocks and take the complex conjugate) and the transpose of the same equation. This takes a simple form because we imposed the S o -reality condition.
Since this commutation law should hold for all elements of the double Fell bundle algebra and its opposite algebra, equations 22 to 26 should also hold:
which is just the original [ρ(a), ρ(b o )] = 0 commutation law. This reflects the fact that ρ(E) acts on H while ρ(E o ) acts on H o . That is, we need to tensor by the unit matrix of the correction dimensionality as:
It also follows that:-
(together with the transpose equation).
The only solution to this commutation law that is true for all α is that β t is a constant multiple of the unit matrix. (Using the fact that if x commutes with y then x 2 commutes with y 2 , the relation [∆ We also have:-
which together with
are closely related with the first order condition:
With D written as a sum D L + D R , the first order condition can be written as: [16] ). It is a standard result that if DJ = JD for self-adjoint D then D R =D L (for example, see [6] ). Writing:-
Using the fact that in the H basis on which ∆ L acts, b o is a scalar, the first order condition is:
The above is equivalent to the two statements:
o ] = 0. The former we know from 24 and the latter is true because in the 'colour' basis, that of H o , which b o acts on, we have that β is a constant multiple of I.
Similarly,
This means that we may state that ∆ F B ⊗ E ∆ o F B is a first order differential operator.
In conclusion we make the statement that all finite dimensional saturated double Fell line bundles with dual satisfy axioms 6 and 7 (as the results clearly apply to any number of summands and with or without S o -reality. Therefore we can say that E ⊗ E o (at least with S o -reality) is a candidate for a compact noncommutative manifold. This candidate is an S o -real spectral triple plus the new algebraic structures we discuss in section 5. What this implies about noncommutative spaces is that reality and Poincaré duality mean a self-dual double category E ⊗ E o and that first order differential operators come from 2-morphisms. We also note that the relationship between D and J for a spectral triple is DJ = ±JD, the sign depending on the KOdimension. Previously there was no clear mathematical reason for this commutation law, whereas the physical reason for [D, J] = 0 is that the masses of the fermion particles must be the same as that of their antiparticles. Therefore we have a new mathematical reason for particles and antiparticles having equal mass. 
First order condition

Summary: axiom unification
The general results demonstrated above are not special to principal double groupoids nor to algebras A with only three summands. If the double groupoid is non-principal then the spectral triple may be reducible in the sense of [15] and the fermion contingent is not necessarily restricted to one generation (see item 3 section 5). For a spectral triple, the number of generations of particles is determined by choice of Hilbert space dimension. The basis of the Hilbert space here is indexed by the groupoid units. Here, the pure states of A are identified with the Hilbert space unit vectors but in spectral triples there is no relation.
The four axioms for a noncommutative manifold (axioms 1, 2, 6 and 7) are satisfied and moreover, they arise naturally; they are implied by the very defining construction of the product bundle. The latter is a single mathematical entity, so in that sense the axioms are unified. In a second sense, the 3 axioms reality, Poincaré duality and first order condition are unified by virtue of the single statement that the algebra commutes with its opposite. As a unifying enveloping structure, the new noncommutative manifold comes with its own structures that are not present in the real spectral triple. In the next section we study them.
Structures
The aim of this part is to explore all the extra algebraic and geometric structures afforded by the double Fell line bundle over double groupoid that are missing from the finite real spectral triple, such that the move from Fredholm operator F to ∆ F B is a less ad hoc step than from F to D. We also investigate the consequences that these structures can have in physics when A is the algebra of the standard model finite spectral triple. We argue that these results with those above evidence that the double Fell bundle is the right enveloping structure to be used for the spectral triple. We would like generalise this study to infinite dimensional spectral triples. The first three are algebraic features, while 4 to 6 are topological and geometrical. We also include some discussion.
1. Due to many recent results the subject of quantum gravity is being brought into the arena of higher category theory. The spectral action principle is itself a theory of gravity (see [26] , [11] ) with the Higgs as the connection on internal space (analogising gravitational field strength), and as little has been done so far on quantum internal space gravity, it seems an obvious step to try to also bring spectral triples into the arena. We argue that the calculations and arguments of the previous section show that a finite spectral triple can be brought into the context of higher category theory in a very natural way. That is to say, it turns out that it is not necessary to categorify a spectral triple or to define a new 2-spectral triple because it naturally possesses an intrinsic double category interpretation. A categorified Fell line bundle is a rigid monoidal category (it has a dual, and all objects are copies of C), which might be seen as an algebraic counterpart to 2Cob. It might be interesting to investigate analogies between double Fell line bundles and extended TQFTs.
2. We have argued that giving the real finite spectral triple a category theory context results directly in the unification of axioms and in providing the move from F to D with more mathematical reasoning. The statement that a self-adjoint Dirac operator satisfy DJ = JD becomes synonymous with the statement that the hom-category be self-dual. As mentioned, this gives a mathematical reason for particles having equal masses to their antiparticles. Poincaré duality, reality, and the first order condition are unified in the single statement that the double Fell line bundle algebra commutes with its opposite. Self-adjointness is linked in to these axioms by virtue of the construction of a double Fell bundle. The only axiom that does not fall out automatically from the construction is orientability, but as not all compact manifolds are spin manifolds, (which are of course oriented) and as we are aiming to construct a general candidate for a compact noncommutative manifold, we do not expect this condition to be fulfilled in general.
3. The algebra of sections of a double Fell bundle is a C * -algebra by definition. Therefore, (A + ∆ F B ) is a C * -algebra and if the double category is a spectral triple, where ∆ F B is the space of all D allowed by the axioms for a given set of spectral triple data. This provides D with a new algebraic meaning and context. With the space of D comprised by bimodules over the summands of A, coming from homomorphisms up to isomorphism ( [1] ), the hom-category is a sub-category of that of finite abelian groups (Hom(M, N) is an abelian group under addition), which is a self-dual category. Another new algebraic structure then on the space of D is that it forms an abelian group under addition. These bimodules are Hilbert bimodules because the fibres inherit the hermitian structure that is on the sections of the double Fell bundle: α is a right Hilbert M n 1 (C)-module with inner product < e 1 , e 2 >= e * 1 e 2 and a left Hilbert M n 2 (C)-module with inner product < e 1 , e 2 >= e 1 e * 2 . So αα * ∈ M n 2 (C) and α * α ∈ M n 1 (C). Let the first two summands be M 2 (C) and C as in the standard model finite spectral triple and the third, M 3 (C). βIn a spectral triple, the focus is switched right away from any underlying topological space and onto the algebra. There is no relationship between pure states and unit vectors in the Hilbert space, and in physics applications of finite spectral triples, the latter being labelled by the fermions. Therefore in order to find out if our construction can encompass or imply physics in the standard model spectral triple, we must weaken the relationship between the pure states-cumgroupoid units and the Hilbert space unit vectors. Or we might suggest letting the groupoids be non-principal, so that although M 2 (C) has only 2 pure states, we can allow it to be associated to 4 units, hence the 4 (left-handed) particles: up, down, electron and neutrino. For additional generations, we can increase again the number of arrows.
As it appears in the literature, the finite spectral triple algebra with physical interpretation is A = M 3 (C) ⊕ H ⊕ H ⊕ C. As M 2 (C) written as H ⊕ H it is still a groupoid algebra. There is one quaternion for the quarks and one for the leptons. Furthermore, in [20] it was found that for at least one of the summands should be H. Although H and C have only one (up to unitary equivalence) irreducible representation each, for a given fermion family, there are two particles for each quaternion, and at least 3 for C, that is, two right-handed quarks:-up and down and at least one right-handed lepton:-the electron.
With this weakening of the focus on the underlying space, the algebra of this double Fell bundle product is studied as follows. We have A as given in the last paragraph, whereupon for α = h, we have that h is a 2-by-1 matrix (φ 1 , −φ 2 ) t (Higgs doublet) and hh * is a 2-by-2 matrix while h * h is 1-dimensional; ∈ C. β t is a faithful representation of M 3 (C). We can associate this with k u (see preliminaries) which is not a general 3-by-3 matrix but at least β 3 is also 3-by-3. Remembering that D F is the fermion mass matrix, we associate the fact that β t acts on H g rather than H o with the fact that different coloured quarks of a given flavour and family have the same mass. The basis of H g (defined in the previous section) might come from extra arrows between given groupoid units, that is, from the principal grouopids we have been considering being replaced by non-principal groupoids. These could be associated to reducible triples in the sense of [15] . The number of pure states of A is not the number of particles, unit vectors in the Hilbert space and there are two quarks u R and d R associated to C in H. For this reason, there are two copies of α appearing in the algebra of sections, where the second copy turns out to be the SU(2) conjugate of the first. Each of the two copies is tensored with a faithful representation of M 3 (C), which we associate to k u and k d . We cannot explain this fully but from the diagram below we can see that taking the SU(2) conjugate may be related to exchanging the directions of the arrows in the groupoid between u L and d L to connect with either the u R or the d R . Now we tensor the double Fell bundle with its opposite double category to form the noncommutative manifold
as in the standard model finite triple we get (two copies of) the diagram:-
Figure 8: one family of quarks in which we depict only the quark sector and those of only one generation and only the part of E ⊗ E o for the double action of C * (E) on H 1 . (The other copy of the diagram would be nothing more than a mirror image and would represent the action on H 2 .) Instead of simply tensoring α ⊗ α o to get the mass matrix M it appears from the diagram that the 2-morphisms α and α o should be combined in a slightly more complicated way. That is, the mass matrix M is not equal to (k u , k d ) ⊗ (φ 1 , −φ 2 ) t but a sort of twisted version of it involving the SU(2) conjugate of h. In fact, the fermion mass matrix given in [9] is:
and we define the notation
4. The algebra of sections of a Fell bundle is a C * -algebra and Fell line bundle algebras are groupoid convolution algebras. A spectral triple algebra A can be any unital * -algebra over any field. (Finite dimensional algebras are always unital.) So in this new context where the underlying space is a double groupoid, the range of algebras we deal with is narrower. As mentioned, the fact that there are two H summands in the finite spectral triple for the standard model is not a problem because these can be written as M 2 (C) so the algebra is a groupoid algebra. For a spectral triple, the number of generations of fermions it can represent is determined by the choice of Hilbert space basis. Now we have an additional interpretation for this, the Hilbert space is indexed by the unit space in the double groupoid. In noncommutative geometry, the focus is switched away from the space itself and onto the algebra. An unfortunate consequence of this is that so far, the differential structure is ad hoc and this is what is missing in the move from F to D. By using double groupoids and interpreting the double functor as a double parallel transport (see item 5 below), we are proposing a slightly more concrete meaning for what the underlying space is. Furthermore, there is no loss of generality in letting the arrow in the groupoids be paths in some topological space.
5. The appropriate notion of double functor that we require for the map between the double groupoid and the double Fell bundle has already been studied (see [25] ) and called "n-transport". Even in the most abstract mathematical context, one may use this term because it yields a very general concept: an n-functor from a geometrical base n-category to a second target n-category. We used this definition to describe the double functor between the underlying double groupoid and the double Fell bundle. The term of course invokes parallel transport and we describe an interpretation for it in the context of an underlying space for noncommutative geometry.
The transport 2-functors themselves live in a double category. An object is the map g * g → E g * g , a 1-level morphism is a map g → E g and a 2-level morphism is a map from a double arrow in the double groupoid to the Banach space over it. In other words, all the morphisms are the fibres of the double Fell bundle, and so there is no distinction between the double functor and the double Fell bundle itself.
With no less generality, we may think of the arrows in the groupoids as paths along a topological space, and then this double functor can be thought of as a parallel transport in the Fell bundle. In [25] the n-transport is an n-functor from a geometrical domain n-category (for example a fundamental n-groupoid) and a target n-category. This gives us a mathematical context in which to develop a categorification of internal charge space. From higher gauge theory, we are provided with a notion of parallel transport of a parallel transport; as a gauge connection is taken along a path, a second connection provides a notion of transport simultaneously in a second dimension, so that a string of charge may sweep out a surface. We can apply this picture to internal space, and we arrive at a geometrical interpretation for the Higgs as a 2-parallel transport:
Consider the partial internal charge space diagram: We can think of this discussion as leading to a notion of categorification of internal space. (Replacing the quaternions by the 2-by-2 matrices over C so that the algebra A is a groupoid algebra.) The group of inner automorphisms of the quaternions H lifted to the spinors is SU(2) and there is a parallel transport of the corresponding gauge connection in the fibre over "L". Simultaneously, the Higgs field acts as an additional gauge connection taking the particle between L and R. Again, this is reminiscent of higher gauge theory, where a string of charge sweeps out an area instead of transcribing a linear path. One reason we are so focussed on double categories rather than 2-categories, is that the former provides us with a notion of 'before and after' while we think of the Higgs beginning its path or 'jump' at L and ending it at R. In Connes' internal space analogy of general relativity, the Higgs is a connection and all we are doing here is to generalise this concept to one dimension higher by making the interpretation of the image of the "n-transport" from the double groupoid to the double Fell line bundle as this Higgs 2-level morphism. Recalling that the connection can be completely determined from the holonomy 10 ([4]), these two concepts are not distinguished in the context of the Higgs and noncommutative geometry.
6. If we choose to let the arrows in the groupoids be paths in some topological space, and let the distance from left to right be 0, which means replacing D with F and replacing the spectral triple with its associated Fredholm module, and then take homotopy equivalence classes of the highest dimensional morphisms, what we end up with is the fundamental 2-groupoid and the bundle over it is the Fredholm module. It is a 2-groupoid instead of a double groupoid because the mathematical meaning in the current context in letting the distance from left to right be zero, is to let all the morphisms in the horizontal category be the identity.
